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Available online 4 September 2014AbstractFor a nonlinear limit state function, the first-order reliability method (FORM) may cause large errors in the computation of not only the
reliability index or failure probability but also the reliability sensitivity. In order to obtain more the accurate results of the reliability sensitivity
analysis, a number of hyperplanes are built near the design point by first-order Tayler series expansion, which replace the known nonlinear limit
state hypersurface, and an equivalent computational method is utilized to construct an equivalent hyperplane of the obtained hyperplanes. And
the reliability sensitivities can be estimated more accurately by the derived equations based on the equivalent hyperplane. An example shows that
the method is effective and feasible.
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Reliability sensitivity analysis plays an important role in
reliability design, reliability-based optimization design and
reliability-based robust design. Reliability sensitivities are
useful to quantify the distribution parameters such as mean
and standard deviation, and represent that the distribution
parameters influence the reliability to some degree. The reli-
ability sensitivities are often expressed as the sensitivity of the
computed failure probability to changes in the distribution
parameters.
Among the methods available for the parametric sensitivity
analysis, the method based on FORM is a fundamental and
widely used approach due to the high computational efficiency* Corresponding author.
E-mail address: dyghfut@163.com (Y.G. DONG).
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2214-9147/Copyright © 2014, China Ordnance Society. Production and hosting byand acceptable accuracy of FORM [1e3]. Obviously, FORM
is to replace a certain limit state hypersurface with a hyper-
plane and makes it easy to calculate the failure or safety
probability. Because of this, FORM may overestimate or un-
derestimate the reliability when the hypersurface is nonlinear
near the design point. The higher the curvature of the limit
state hypersurface at the design point is, the bigger the
computational error of the reliability is. Just as FORM usually
overestimates or underestimates the reliability, it may under-
estimate or overestimate the degree to which the distribution
parameters influence the reliability. Therefore, the parametric
sensitivity analysis based on FORM may be unsatisfactory or
unacceptable.
Compared with FORM, SORM (second-order reliability
method) can compute the reliability more accurately. But
because of the difficulty in computing the reliability, the
parametric sensitivity analysis based on SORM was seldom
discussed [4]. MCSM (Monte Carlo simulation method) can
be used for the sensitivity analysis [5e8]. The simulatedElsevier B.V. All rights reserved.
Fig. 1. Reliability computated by MHCM.
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but one main shortcoming of MCSM is that the computational
amount is too large.
MHCM (multi-hyperplane combination method) is an
alternative to improve the calculation accuracy of the reli-
ability for a nonlinear limit state function [9e11]. In MHCM,
some hyperplanes are utilized to replace the limit state hy-
persurface. Feng [9] first studied MHCM for obtaining much
more accurate computational result of reliability. Mahadevan
et al. [10] used the idea of MHCM for a little more complex
reliability calculation with multiple extreme points, but the
handling method in Ref. [10] is rough and the calculation
accuracy of the reliability is not high enough. Shin et al. [11]
introduced a progressive importance sampling method based
on multi-hyperplane combination and the importance sam-
pling for the reliability analysis of the nonlinear performance
function with multiple design points. Lu et al. [12] studied
how to obtain some hyperplanes and how to compute reli-
ability easily when MHCM was used. The computed results of
MHCM are different when a different number of the hyper-
planes and the different hyperplanes are selected. And the
different way to calculate the reliability of the system con-
sisting of the obtained hyperplanes may lead to the results with
different calculation accuracies. Anyhow, compared to FORM,
MHCM can improve the calculation accuracy of the reliability
greatly. Compared to MCSM, MHCM requires less compu-
tational amount.
As MHCM can get more accurate computational result of
the reliability, it can obtain more accurate results of the reli-
ability sensitivity analysis compared to FORM. In this paper,
some equations of computing the sensitivities for the calcu-
lated failure probability were derived according to MHCM,
and an example was given to show that the method of the
sensitivity analysis based on MHCM is effective and feasible
in improving the calculation accuracy of the sensitivity
analysis.
2. Basic models of MHCM
Assuming that x1, x2, x3, …, xn are basic random variables
which are independently subjected to standard normal distri-
bution and x ¼ [x1, x2, x3, …, xn] is a 1  n order matrix, a
nonlinear limit state function can be expressed by Z ¼ g(x),
and the limit state hypersurface can be expressed by
Z ¼ g(x) ¼ 0. To obtain a number of hyperplanes to replace
the limit state hypersurface, the same number of points on the
hypersurface and near the design point is obtained by
extrapolation method and one-dimensional iterative search
method [12]. Then, a number of hyperplanes can be built at the
obtained points by the first-order Tayler series expansion.
In Fig. 1, the hyperplane (for two dimensions, namely, two
random variables, the hypersurface is reduced to a line) at the
design point x0 is acquired by the first-order Tayler series
expansion of the nonlinear limit state function, which is called
as a main hyperplane, denoted by Zl0 ¼ 0. The other hyper-
planes at the above obtained points except x0 are called as sub-
hyperplanes, denoted by Zli ¼ 0 (i ¼ 1, 2, …, k).As shown in Fig. 1, the dotted lines express the course of
equivalent calculation, and each dotted line is expressed as a
main equivalent approximate line by an equivalent calculation.
The last main equivalent approximate line is expressed by a
thick solid line.
The safety domain DSi of each hyperplane (main hyper-
plane or sub-hyperplanes) can be denoted by
DSi ¼ fxjZli>0gði¼ 0;1;2;/;kÞ ð1Þ
Because the limit state function Zli is linear, the safety
probability PSi in which the values of x are located in DSi can
be given accurately by
PSi ¼ PðDSiÞ ¼ FðbiÞ ð2Þ
where FðÞ is the accumulative integral function of standard
normal distribution; and bi is the reliability index of the linear
limit state function Zli.
In Fig. 1(a), when the original nonlinear failure domain is a
local convex set, the original nonlinear safety domain DS can
be expressed approximately by the set union of all DSi as
follows
DSz ∪
k
i¼0
DSi ð3Þ
According to the basic model of system reliability, the
system consisting of the above hyperplanes is a parallel one.
The safety probability PS in which the values of x are located
in DS can be given by
PS ¼ PðDSÞzP

∪
k
i¼0
DSi

ð4Þ
It is a little complicated to calculate PS directly using Eq.
(4), because the operation of set union should be transformed
into that of set intersection.
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nonlinear failure domain is a convex set, the nonlinear failure
domain can also be expressed by set intersection of failure
domain DFi of each hyperplane, as shown in Fig. 1(a). DFi is
written as
DFi ¼ fxjZli  0gði¼ 0;1;2;/;kÞ ð5Þ
It is well known that not only the failure domain but also
the safety domain of each hyperplane is a linear domain. The
failure probability PFi in which the values of x are located in
DFi can be obtained
PFi ¼ PðDFiÞ ¼ Fð  biÞ ð6Þ
The original nonlinear failure domain DF can be expressed
approximately by the set intersection of all DFi as follows
DFz ∩
k
i¼0
DFi ð7Þ
The failure probability PF in which the values of x are
located in DF can be given by
PF ¼ PðDFÞzP

∩
k
i¼0
DFi

ð8Þ
Assuming that D is the full probability space, we have
DF∪DS ¼ D, DF∩DS ¼ f, and PF þ PS ¼ 1. So, PF orPS can
be computed to obtain the reliability. From the above discus-
sion, it is known that, when the original nonlinear failure
domain is the convex set, it is much more easy to compute the
failure probability PF of the original nonlinear limit state
function, that is to say, to compute the joint probability of the
failure domains of the obtained hyperplanes.
Accordingly, as shown in Fig. 1(b), when the original
nonlinear safety domain is a local convex set, it is easy to
compute the safety probability of the original nonlinear safety
domain by using the safety domain of each hyperplane. The
safety domain is replaced approximately by the set intersec-
tion of the safety domains of the above obtained hyperplanes,
namely
DSz ∩
k
i¼0
DSi ð9Þ
PS can be obtained as
PS ¼ PðDSÞzP

∩
k
i¼0
DSi

ð10Þ
In fact, the computation of the safety probability is trans-
formed into that of series system consisting of the above
hyperplanes.
Therefore, computing PF or PS depends on whether the
failure domain or the safety domain is a convex domain. It is
much more easy to calculate the probability of a convex
domain.
If neither the failure domain nor the safety domain of the
original nonlinear limit state function is a convex domain, the
system consisting of the above hyperplanes is neither a parallel
one nor a series one, and it is much more complicated tocompute the system reliability. In the paper, the case is not
discussed for the time being.
3. An algorithm of MHCM
It is not difficult to calculate PFi or PSi of each hyperplane
using Eq. (6) or Eq. (2), but it is comparatively difficult to
compute the joint probability PF or PS of all the obtained
hyperplanes by using Eq. (8) or Eq. (10). In the paper, the
failure or safety probability of the system consisting of the
obtained hyperplanes is gotten by a method, called as a
sequential equivalent computing algorithm [12].
After k þ 1 hyperplanes are acquired, they are arranged in
the increasing order of the distances between the origin and
the obtained points. The arranged hyperplanes are Zl0 ¼ 0,
Zl1 ¼ 0, …, Zlk ¼ 0, where Zl0 ¼ 0 is the obtained main hy-
perplane, and Zl1 ¼ 0, …, Zlk ¼ 0 are the obtained sub-
hyperplanes.
According to the sequential equivalent computing algo-
rithm, the first equivalence computation is obtained by the
main hyperplane Zl0 ¼ 0 and the sub-hyperplane Zl1 ¼ 0.
Therefore, the first equivalent hyperplane Ze1 ¼ 0 can be ob-
tained. The equivalent conditions are as follow: (1) the ob-
tained equivalent hyperplane is parallel to the main
hyperplane; and (2) the reliability of the equivalent hyperplane
is equal to that of system consisting of the two hyperplanes.
The ith (i ¼ 2, 3, …,k) equivalence hyperplane Zei ¼ 0 is
gotten using the (i  1)th equivalent hyperplane Zei1 ¼ 0 and
the ith sub-hyperplane Zli ¼ 0. Therefore, the kth equivalence
hyperplane or the last equivalence hyperplane Zek ¼ 0 is gotten
by using Zek1 ¼ 0 and the last sub-hyperplane Zlk ¼ 0.
For the convex failure domain, the method of obtaining any
equivalent hyperplane is as follows.
The equivalent failure probability of a parallel system
consisting of two hyperplanes is given by
PeFi ¼ F2
 bei1;bi;r0; ii¼ 1;2;/;k ð11Þ
where PeFi is the equivalent failure probability of the system
consisting of Zei1 ¼ 0 and Zli ¼ 0 (if i ¼ 1, Zei1 ¼ 0 is
Zl0 ¼ 0); F2ðÞ is the accumulative integral function of two-
dimensional standard normal distribution;bei1 is the (i  1)
th equivalent reliability index; bi is the reliability index of the
sub-hyperplane Zli ¼ 0; and r0;i is the correlation coefficient
between Zl0 ¼ 0 (or Zei1 ¼ 0) and Zli ¼ 0.
The ith equivalent reliability index bei is
bei ¼ F1

1PeFi
 ð12Þ
where F1ðÞ is the inverse function of accumulative integral
function of standard normal distribution.
The ith equivalent hyperplane Zei ¼ 0 is
Zei ¼ aexT þ bei ¼ 0 ð13Þ
where ae is a 1  n order matrix, which is the same as a0 of
the main hyperplane, because Zei ¼ 0 is parallel to the main
hyperplane Zl0 ¼ 0. ae is denoted by
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Obviously, it is easy to know thatXn
i¼1
a2i ¼ 1 ð15Þ
The process of equivalence is shown in Fig. 1(a).
Especially, the comprehensive failure probability P0F of the
system consisting of the obtained hyperplanes Zl0 ¼ 0, Zl1 ¼ 0,
…, Zlk ¼ 0 can be estimated by
P0FzP
e
Fk ¼ F2
 bek1;bk;r0;k ð16Þ
The failure probability PF of the original limit state func-
tion can be estimated by PFzP0F. And the reliability index b
can be given by b ¼ F1ð1 PFÞ.
Accordingly, as shown in Fig. 1(b), for the convex safety
domain, the method of obtaining any equivalent hyperplane is
as follows.
The equivalent reliability of a series system consisting of
two hyperplanes is given by
PeSi ¼ F2

bei1;bi;r0; i

i¼ 1;2;/; k ð17Þ
The ith equivalent reliability index is
bei ¼ F1

PeSi
 ð18Þ
The ith equivalent hyperplane Zei ¼ 0 can also be expressed
by Eq. (13).
PS and PF of the original limit state function can be esti-
mated by
PSzP
e
Sk ¼ F2

bek1;bk;r0;k
 ð19Þ
PF ¼ 1PSz1PeSk ¼ 1F2

bek1;bk;r0;k
 ð20Þ
4. Sensitivity analysis using MHCM
From the section above, it is known that the final equivalent
hyperplane can be expressed by
Zek ¼ aexT þ bek ¼ 0 ð21Þ
When the random variables are not standard normal vari-
ables, they should be transformed into standard normal
random variables. Assuming that a random variable
yiði ¼ 1; 2; 3;/; nÞ is a normal variable, and its mean value
and standard deviation are mi and si, respectively. Let two
1  n order matrixes be
y¼ ½y1;y2;y3;//; yn ð22Þ
m¼ ½m1;m2;m3;//;mn ð23Þ
And, s is an n  n order diagonal matrix, of which the
diagonal elements are s1,s2,s3, …, sn respectively.
Eq. (24) can be introduced.
x¼ ðymÞ=s ð24Þ
Substituting Eq. (24) into Eq. (21), we have
Zek ¼ ðae=sÞyT þ bek  ðae=sÞmT ¼ 0 ð25ÞLet c ¼ ½c1; c2; c3;//; cn ¼ ðae=sÞ be a 1  n order
matrix, and c0 ¼ bek  ðae=sÞmT, it is easy to know that c0 is a
constant, and ci can be given by
ci ¼ ai=si ð26Þ
Eq. (21) can be rewritten as
Zek ¼ cyT þ c0 ¼ 0 ð27Þ
Based on Eq. (27), mi and si can be used to obtain the
equivalent mean value uek, the standard deviation s
e
k, the reli-
ability index bek and the failure probability P
e
Fk of the equiv-
alent hyperplane
uek ¼ cmT þ c0 ¼
Xn
i¼1
cimi þ c0 ð28Þ
sek ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn
i¼1
c2i s
2
i
s
ð29Þ
bek ¼ mek

sek ð30Þ
PeFk ¼ F
 bek¼ F meksek ð31Þ
From Eqs. (15) and (26), we know that the sensitivities of
mi and siði ¼ 1; 2; 3;/; nÞ for the computed failure proba-
bility PeFk can be gotten by
vPeFk
vmi
¼ vP
e
Fk
vbek
 vb
e
k
vmek
 vm
e
k
vmi
¼ai
si
FðbekÞ ð32Þ
vPeFk
vsi
¼ vP
e
Fk
vbek
 vb
e
k
vsek
 vs
e
k
vsi
¼ b
e
ka
2
i
si
FðbekÞ ð33Þ
where FðÞ is the probability density function of the standard
normal distribution.
Referring to Fig. 1, using Eqs. (32) and (33) can come to
the conclusion that the absolute values of the sensitivities
computed based on MHCM are usually smaller than those
computed based on FORM when the failure domain is a
convex one. The reason is that the reliability index computed
by using MHCM is bigger than that computed by using
FORM. When the safety domain is a convex one, the opposite
conclusion is obtained.
5. An example
A pull rod with equal diameter is subjected to a constant
load F ¼ 1.5e þ 5N. The mean values and standard deviations
of the diameter d and yield limit r are md ¼ 32 mm,
sd ¼ 3 mm, and mr ¼ 295 MPa, sr ¼ 25 MPa, respectively.
Let's compute the failure probability and parametric sensitiv-
ities of the pull rod.
Assuming y ¼ ½y1; y2 ¼ ½d; r, according to the load limit,
the limit state function can be expressed by
Z ¼ p=4y21y2  150 000 ð34Þ
Let x1, x2 ~ N(0,1), we have
Table 1
Parameters of lines.
No. Obtained line Equivalent line
0 a [0.929 493 6, 0.368 838 3] e
b 2.044 659 4
1 a [0.945 056 5, 0.326 907 0] ae a0
b 2.067 100 8 be 2.036 127 7
2 a [0.912 009 7, 0.410 168 7] ae a0
b 2.064 697 0 be 2.029 243 8
3 a [0.951 323 3, 0.308 194 6] ae a0
b 2.092 705 7 be 2.024 068 3
4 a [0.903 584 6, 0.428 409 7] ae a0
b 2.085 654 2 be 2.018 474 6
Table 3
Comparisons of sensitivities.
Method FORM (error)/% MHCM (error)/% MCSM
md 0.015 283 5 (3.961) 0.016 118 5 (1.286) 0.015 913 9
sd 0.029 046 2 (2.645) 0.030 240 9 (1.560) 0.029 835 3
mr 0.000 727 8 (5.098) 0.000 767 5 (0.078) 0.000 766 9
sr 0.000 548 8 (17.818) 0.000 571 4 (14.436) 0.000 667 8
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Substituting Eq. (35) into Eq. (34) yields
Z ¼ p=4ð3x1 þ 32Þ225x2 þ 295 150 000 ð36Þ
FORM is used to obtain the reliability index
b ¼ 2.044 659 4 and the failure probability PF ¼ 0.020 444 2.
The limit state function expressed by Eq. (36) is nonlinear so
that the failure and safety domains are nonlinear, too. Because
of this, the failure probability computed using FORM may be
not accurate enough. It cannot ensure that the sensitivities of
FORM failure probability are accurate enough.
In this reliability problem, the most probable failure
domain can be thought to be only located near the design
point, and the safety domain near the design point is a convex
one. Clearly, for n ¼ 2, the hyperplanes are reduced to the
lines. In order to illustrate the effectiveness of the method
proposed in the paper, one main line Zl0 ¼ 0 and four sub-lines
Zl1 ¼ 0, Zl2 ¼ 0, Zl3 ¼ 0, Zl4 ¼ 0 are gotten to replace the limit
state curve. It is not difficult to know that the five lines consist
of a series system.
According to the five lines, four corresponding reliability in-
dexes can be computed by using of Eqs. (17) and (18). Also, four
equivalent lines can be obtained by using Eq. (13), and they are
parallel to the main line. The parameters s and b of the five
obtained lines and four equivalent lines are listed in Table 1.
It is known that the original limit state curve is replaced
equivalently by the last equivalent line Ze4 ¼ 0. The compu-
tational results of b, PF and the errors of PF are given in Table
2. The simulation number of MCSM is 107
It can be seen from Table 2 that b and PF computed by
MHCM is very close to those obtained by MCSM. Compared
with MCSM, the error of PF computed by MHCM or the last
equivalent line is only 0.083%. The error is less than that
computed by SORM, and far less than that computed by
FORM.Table 2
Comparisons of failure probabilities.
Method b PF Error/%
FORM 2.044 659 4 0.020 444 2 6.172
SORM 2.025 393 8 0.021 413 5 1.723
MHCM 2.018 474 6 0.021 770 9 0.083
MCSM 2.018 127 4 0.021 789 0 eIn the example, because FORM is to replace the convex
nonlinear safety domain with a linear safety domain which is
determined by a tangent line of the limit state curve through
the design point, the actually calculated safety domain of
FORM is far greater than safety domain of the original limit
state function, and FORM overestimates reliability. So, the
safety probability computed by FORM is far bigger than the
true safety probability. That is, the failure probability
computed by FORM is far smaller than the true failure
probability (see the last row of Table 2). It can be seen from
Fig. 1(b) that the safety domain calculated by MHCM is a
little greater than the original safety domain, so the failure
probability computed by MHCM is a little smaller than the
true failure probability.
MHCM can be used to obtain more accurate computational
results of not only the failure probability but also sensitivity
analysis. The computed sensitivities and the absolute value
errors of the computed sensitivities are listed in Table 3. The
simulation number of MCSM is also 107.
From Table 3, some conclusions can be drawn as follows.
(1) The absolute values of the sensitivities by MHCM are
bigger than those by FORM.
(2) Compared with the sensitivities computed by FORM, the
sensitivities computed by MHCM are closer to the sensi-
tivities simulated by MCSM
(3) Although FORM overestimates the reliability (see Table 2,
the reliability index computed by using FORM is bigger
than the true value, or the failure probability computed by
using FORM is smaller the true value), it underestimates
the degree to which the distribution parameters influence
the reliability.
(4) The absolute values of the sensitivities computed by
MHCM may be bigger or smaller than the ones simulated
by MCSM. The reason is that the algorithm of MHCM in
the paper may cause the errors that can not be easy to
know and control.
(5) The sensitivities of the parameters md, sd and mr computed
by MHCM are much more easier to be close to the sen-
sitivities estimated by MCSM. In the example, the five
lines can be used to make the failure probability relatively
accurate and the sensitivities are close to those by MCSM,
but it can not make all the sensitivities accurate enough.6. Conclusions
If the failure probability of a nonlinear limit state function
cannot be computed accurately by a method, the sensitivities
359Y.G. DONG et al. / Defence Technology 10 (2014) 354e359for the failure probability cannot be computed accurately by
the method either. In the case of the nonlinear limit state
function, using FORM to analyze the sensitivities almost
certainly underestimates or overestimates the degree to which
the parameters of random variables influence the reliability.
By replacing the original limit state hypersurface with some
hyperplanes, MHCM can improve the calculation accuracy of
the reliability and the sensitivities, and makes all the compu-
tational results closer to their corresponding true values.
To obtain much more accurate computational results of the
reliability and the sensitivities, more hyperplanes may be
selected if necessary. In practical applications, not so many
hyperplanes are required to get enough accurate results of
computing the reliability and the sensitivities. For a certain
nonlinear limit state function with single design point, 2n þ 1
hyperplanes are a good choice. It is undoubted that how to
select the number of hyperplanes and how to satisfy the
requirement of the given accuracy in calculating the reliability
and the sensitivities should be made in the further research.
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